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LARGE WIDELY-CONNECTED SPACES
DAVID LIPHAM
Abstract. We show that there are widely-connected spaces of arbitrarily large
cardinality, answering a question by David Bellamy.
A connected spaceW is said to be widely-connected if every non-degenerate connected
subset of W is dense in W . In [2], David Bellamy asked whether there are widely-
connected sets of arbitrarily large cardinality. We prove the following.
Theorem. For each infinite cardinal κ there is a completely regular widely-connected
space of size 2κ.
In [7], Paul Swingle showed how to construct widely-connected subsets of metric
indecomposable continua (a continuum is a connected compact Hausdorff space, and
if X is a continuum then X is indecomposable if X is not the union of two proper
subcontinua), and in [6], Michel Smith showed that there are indecomposable continua
of arbitrarily large cardinality. Swingle’s method is generalized by Lemma 1 of this
paper, so that it can be applied to Smith’s non-metric constructions.
To prove Lemma 1 we will use some basic properties of composants. If X is a
continuum then C is a composant of X if there exists x ∈ X such that C is the union
of all proper subcontinua of X which contain x. Two standard results of continuum
theory are (1) if X is a continuum then each composant of X is connected and dense in
X , and (2) the composants of an indecomposable continuum are pairwise disjoint. For
proofs, see [3] §48 VI.
Lemma 1. Let X be an indecomposable continuum. Let C (X) be the set of composants
of X, and let
S (X) = {S ⊆ X : S is closed and X \ S is not connected}.
If |S (X)| ≤ |C (X)| then X has a dense widely-connected subspace of size |C (X)|.
Proof. Write S for S (X) and C for C (X). Since each member of C is connected and
dense in X , we have C ∩ S 6= ∅ for each C ∈ C and S ∈ S . Let Ψ : C → S be a
surjection, and for each C ∈ C let ψ(C) ∈ C ∩ Ψ(C). Let W = {ψ(C) : C ∈ C }. This
construction is made possible by the Axiom of Choice. Note that |W | = |C | since the
members of C are pairwise disjoint.
Let U be a nonempty open subset of X . Let V ⊆ X be nonempty and open such that
V ⊆ U and V 6= X . Then ∂V ∈ S . There exists C ∈ C such that Ψ(C) = ∂V . Then
ψ(C) ∈ W ∩ V ⊆W ∩ U . We have proven that W is dense in X . Supposing that W is
not connected, there are nonempty open subsets U and V of X such that U ∩W 6= ∅,
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V ∩W 6= ∅, and W = (U ∩W ) ∪ (V ∩W ). By density of W we have U ∩ V = ∅.
So X \ (U ∪ V ) ∈ S . By definition W ∩ [X \ (U ∪ V )] 6= ∅, contrary to W ⊆ U ∪ V .
Thus W is connected. If A is a non-dense connected subset of W , then A is a proper
subcontinuum of X and is therefore contained in a composant C. By the definition of
W and the fact that the composants of X are pairwise disjoint, |W ∩C| = 1, so A is
degenerate. Therefore W is widely-connected. 
Remark. The assumption |S (X)| ≤ |C (X)| is actually equivalent to |S (X)| = |C (X)|,
and so Ψ can be taken to be a bijection. Indeed, let λ = |C (X)| and let U and V be
nonempty open subsets of X with U ∩ V = ∅. |X | ≥ λ implies that |X \ ∂U | ≥ λ or
|X \ ∂V | ≥ λ. Assuming that |X \ ∂U | ≥ λ, let S ′(X) = {∂U ∪ {x} : x ∈ X \ ∂U}.
Then S ′(X) ⊆ S (X) implies |S (X)| ≥ λ.
Lemma 2. Let κ be an infinite cardinal. If {Xα : α < κ} is a collection of spaces each
with a basis of size ≤ κ, then
∏
α<κXα and
X := lim
←−
{Xα : α < κ}
have bases of size ≤ κ, and X has ≤ 2κ closed subsets.
Proof. For each α < κ let Bα be a basis forXα with|Bα| ≤ κ. For each f ∈
[⋃
α<κ{α}×
Bα
]<ω
let Uf = {x ∈
∏
α<κXα : x(f(i)(0)) ∈ f(i)(1) for each i ∈ dom(f)}. Then
B =
{
Uf : f ∈
[ ⋃
α<κ
{α} ×Bα
]<ω}
is a basis for
∏
α<κXα with |B| ≤ κ
<ω = κ. The inverse limit X also has a basis of size
≤ κ, namely {B ∩X : B ∈ B}, because it is a subspace of the product.
Define ϕ : P(B) → τ by ϕ(U ) = X ∩
⋃
U , where τ is the topology of X . If U ∈ τ
then letting U = {B ∈ B : B ∩ X ⊆ U} we have ϕ(U ) = U , so that ϕ is surjective.
Therefore
∣∣{X \ U : U ∈ τ}∣∣ = |τ | ≤ ∣∣P(B)∣∣ ≤ 2κ. 
Proof of Theorem. Let κ be given. By Theorem 2 of [6], there is an indecomposable
continuumM which has 2κ composants. The continuumM is constructed as an inverse
limit of κ-many continua, each of which has a basis of size ≤ κ. To be more specific,
M = lim
←−
{Mα : α < κ} where Mα is a subcontinuum of [0, 1]
α+1 for each α < κ (see
the second and third paragraphs of the proof in [6] for the successor and limit cases of
α, respectively). By Lemma 2, |S (M)| ≤ 2κ = |C (M)|. By Lemma 1, M contains a
widely-connected space of size 2κ. 
Mazurkiewicz [4] proved that every metric indecomposable continuum has c = 2ω
composants. Thus, if X is a metric indecomposable continuum then C (X) = S (X),
and so by Lemma 1 X has a dense widely-connected subset. This technique does
not apply in general, as there are (non-metric) indecomposable continua with very few
composants. The Stone-Cˇech remainder of [0,∞) is consistently an indecomposable
continuum with only one composant [5], and Bellamy [1] constructed indecomposable
continua with one and two composants in ZFC.
Question. Does every indecomposable continuum have a dense widely-connected subset?
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